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In a development of the ideas of Liapunov [1] on the stability of the
equilibrium shape of a rotating liquid, it was shown in [2] that for
certain conditions the question of stability of steady motion of a solid
body with a liquid-filled cavity reduces to the investigation of the
conditions for a minimum of the expression
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where V is the potential energy, S is the moment of inertia of the
system with respect to & certain fixed axis, and ko is a constant.

For the case of equilibrium, in which kg = 0, the question of sta-
bility reduces to the problem of the minimum potential energy of the
system [3]. This problem was solved in {4]; the method of solving the
problem of minimum V used in that paper is, with certain alterations,
suitable for solution of the problem of minimum ¥ as well,

The solution of the problem of minimum ¥ is given below for a rigid
body with a simply-connected cavity partially filled with liquid, in an
external force field. Two examples are considered.

1. We imagine an absolutely rigid body having a simply-connected
cavity partially filled with a homogeneous incompressible liquid. Let
us assume that stationary constraints are imposed on the body, allowing
it to rotate about a certain fixed straight line, which we take to be
the {-axis of a fixed rectangular system of coordinate axes Ofnl. Let
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Stability of motion of a solid body 19

the position of the rigid body relative to the coordinate system O&n(

be defined by Lagrangean coordinates gq;, ..., q, (n<{6). We assume that
the coordinate g, defines the angle of rotation of the body about the
[-axis and 1s cyclic in the sense that the potential and kinetic
energies of the system are independent of g ; the potential energy of an
element of liquid dv has the form pU,(§, n, [)d7v, where p is the density.

Let us assume that in the steady-state motion of the rigid body and
the liquid the coordinates are q; =0 (¢ =1, ..., n - 1). We will con-
sider in the neighborhood of this steady motion the region of vari-
ables ¢,

lg: | <H i=1,..., n—1) (1.1)

where H > 0 is a sufficiently small constant. Let g, be the coordinates
of a certain fixed point belonging to the region (1.1). We will find
what the form of the free surface of the liquid must be in order that
for given q; the expression ¥ will have an extremum.

For the solution of this problem we take the first variation of ¥ for
fixed q; and equate it to zero

o = —p{[ 35 8 E - n) 40 @m0 ]dr = 0

llere T denotes the volume of the liquid, U,(§, n, {) is the potential
of the body forces acting on the liquid, S is the moment of inertia of
the system with respect to the axis [ for given q; and the sought shape
of the free surface of the liquid. Variation under the integral sign
gives

S[éz (885 + mdn) + a"’ 88 + a,]’ on + a,’ éc] =0 (1.2

The variations of the coordinates of the liquid particles are related
within the region v by the continuity equation

6(5; +

and on the wetted walls o, of the cavity by the condition of no penetra-
tion

abq 987

+ 5 = (1.3)

18 + mdn + néL =0 (1.4)

where !, m, n are the direction cosines of the outward-directed normal
to 0,. Multiplying equation (1.3) by the undetermined multiplier
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A(E, n, {) of Lagrange, integrating over the entire volume T of the
liquid and adding it to the equation (1.2), we obtain

aE |, dm ., adL _
+A‘(0_ +W +a—§)]d1’—0

Since

Sx 98 e = Smgdc—g -g%égdr

< (4

then the equation written above takes the form

e+ 5 — gg)ot+ (Sen + ot — ox)on +

<

+(3_6U€_’_ g)o;}dwr\ (I8 + mdn + ndt)ds = 0 (1.5)

where ¢ denotes the boundary of the region T, consisting of the wetted
walls of the cavity o, and the free surface of the liquid o,.

It is known [5] that the undetermined multiplier A(E, n, {) may be
interpreted here as the hydrodynamic pressure p(£, n, {). Since the
pressure on the free surface of the liquid remains constant, equal to
the pressure p; in the air space, while on the surface o, the condition
(1.4) is satisfied, then

Sx (188 - mdn + nd%) do = po & (I8 + mdn + ndt) do

o 4
¢

In view of the incompressibility of the liquid the last integral is
equal to zero. Then the equality (1.5) is possible if and only if the
following equations are satisfied:

Uy or a( . Oh Uy 3 ‘e
A FtE =5 =% 09

Hence we find the equation of the free surface of the liquid

FEND = oo €4 1) + U@ om0 =c (1.7

giving an extremum of the expression W for fixed q,. The constant ¢ 1is
determined by the quantity of liquid in a given cavity of the body.

For steady-state motion, in which q,=0(x=1, ..., n-1), equa-
tion (1.7) becomes the equation for the free surface of the liquid in
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this motion [2]

FO (ga n, C) = %mz (§2 -+ T|2) -+ U2 (g’ n, g) = Co (18)

Here w 1s the magnitude of the angular velocity of uniform rotation
of the entire system as a single rigid body, and k, = Sje, where S; is
the moment of inertia of the system in the steady-state motion.

Since the liquid does not exhibit tensile resistance, the forces
acting on its particles located at the free surface are directed into
the liquid, and hence in steady motion the liquid must be situated on
that side of the surface (1.8) where the function Fy(§, n, {) > ¢,. Ve
denote the simply-connected region occupied by the liquid in this motion
by Do; for all of its points Fo ;zco.

From the possible positions of the fluid for g, # 0 we choose only
those where F(E, n, [) > c everywhere within the liquid. This region,
bounded by the surface (1.7) and the walls o, of the cavity, we denote
by D.

We will now examine the character of the extremum of the expression
¥ for fixed values of g; from the region (1.1), vhen the fluid occupies
the region D. In this we will assume that the quantity ¢, is not the
extremal of all of the values assumed by the function F; in the neighbor-
hood of the surface Fy = ¢;. The locus of the point of intersection of
the surface (1.8) with the walls o, of the cavity describes a certain
closed curve M, which is the boundary of the free surface of the liquid
(1.8).

We imggine a unit vector n,(m) normal to the surface (1.8) at the
point m of the curve M and directed towards the side F, < c,, and a
normal n,(m) to the surface of the walls of the cavity, directed into
the cavity. We will assume that the angle 6(m) formed by these vectors
varies continuously between constant limits 0 < 8, < 6(m) << B, <w
during passage of the point m along the curve M.

We also consider the following two-parameter family of surfaces

ko? - .
S rE oAy &) LG &) s 4 Ac (1.9)
continuous in AS and Ac, which are assumed to be sufficiently small in
absolute value. We assume that the unit vector n, normal to the sur-
faces (1.9) depends continuously upon &, n, {, AS, Ac in a sufficiently
small neighborhood of the curve M, and that the vector n, depends con-

tinuously upen the point of the surface of the cavity wall in this same
neighborhood.
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Under these assumptions it is not difficult to prove the validity of
the following assertion [4]:

For any sufficiently small q;, Ac, AS, there exists a simply-connected
region D’, bounded by the surface of the walls of the cavity, displaced
into the position ¢, and the surface (1.9); this region does not con-
tain the points Fy < ¢y + Ac and transforms continuously into the region
D, for

QP+ gt g, 24 (A + (AS)E—0

On the basis of what has been said it is clear that under these
assumptions the constant H defining the region (1.1) may always be chosen
so small that for any g, from the region (1.1) the surface (1.7) belongs
to the family (1.9); in this AS and Ac, determined by the condition of
conservation of volume of the liquid, will be continuous functions of
the coordinates q;(¢ =1, ..., n-1), vanishing for q; = 0z =1, ...,

n - 1), while the distance ! of surface (1.7) from surface (1.8) will
not exceed H within the cavity.

For certain fixed g; in region (1.1) we choose a region D, bounded by
the walls of the cavity in the displaced position and the surface (1.7),
where the constant ¢ = co * Ac is defined. Let y < co t Ac be a certain
constant such that the region N’(y) bounded by the surface of the walls
of the cavity and the surface F = y, which transforms continuously into
the region D for y - ¢, + Ac, does not contain the points F < y. We con-
sider any possible position of the liquid completely filling the region
D” C D’(y) and find the change of the expression ¥ for fixed q; as the
liquid passes from the region D into the region D”. We have

ko?
W —w = —p {Far+ pSFdr+2—S—§(AS)2

D D

This difference is positive if the region D” differs from the region
D. Actually, the difference of the first two terms represents the change
of potential energy of the liquid in the force field

F= 5@ +0)+U,

for the passage of a certain portion of liquid from the region F >c, +
Ac into the region where F < ¢, + Ac; in this the potential energy of

the liquid clearly increases. The third term is positive. Thus the loca-
tion of the liquid in the region D corresponds to the minimum change in
the potential energy of the liquid relative to all of its possible posi-
tions in the region D’(y). Consequently, the lemma that follows is true.
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Lemma. For fixed values of g (i =1, ..., n - 1) the expression W has
a minimum if the free surface of the liquid is defined by equation (1.7).

As a consequence of this lemma we note that for the case of equi-
librium of a solid body containing a liquid, where k; = 0, the expres-
sion ¥ = V for fixed g; has a minimum [4] if the free surface of the
liquid is represented by the equation

U,E, n, §) = const

For any given set of values g, from the region (1.1), the solid body
and the liquid in its cavity may be put into correspondence with a
certain solid body, which we will call the transform, consisting of the
given solid body and the solidified liquid with the free surface (1.7).

Then, according to the lemma, the expression ¥ for the transformed
body has a minimum compared to all possible free surfaces of the liquid
which are sufficiently close to (1.7).

Theorem. In order that the expression W have a minimum in the steady-
state motion of the solid body with liquid in its cavity, it is neces-
sary and sufficient that ¥ have a minimum for q, = 0 for the transformed
solid body in the region (1.1),

Proof. For all possible transformed solid bodies in the region (1.1),
let the expression ¥ have a minimum Wo for g; =0 (i =1, ..., n-1);
then W — W > 0. For a solid body with lquId, according to the lemma,
the dlfference W — W, will be a still greater positive number, by which
sufficiency is proved We now prove necessity. We suppose that the ex-
pression V¥ for a rigid body with liquid has a minimum for g; =0 (i =1,

.., n=1), This means [2] that for all possible sets of values of the

coordinates q; (+ =1, ..., n-1), distances |l and displacements A such
that lq (< I<<H, A >e¢l, all the values assumed by the difference
V- H, will remain positive and will vanish only for ¢, =0 (1 =1, ...,

n-1), 1 =0, A =0. Consequently, this difference will also be positive
for values of the distance | < H, characterizing the transition from the
form of the liquid in the undisturbed motion to the form determined by
equation (1.7) for arbitrary q, from the region (1.1). But this also
means that the expression W has a minimum W, for the transformed body

for g, = 0. The theorem is proved.

In this manner, the problem of the minimum of the expression W is re-
duced to the problem of the minimum of a function of a finite number of
variables, which is the expression ¥ for a solid body with liquid bounded
by the walls o, of the cavity and the free surface (1.7).

2. We will find the change in the quantity W for the transformed
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solid body in passing from the position corresponding to the steady-
state motion of the system for g, = 0 to a perturbed position in the
region (1.1). This transition may be thought of as being carried out in
two stages: (1) a displacement into the perturbed position of the whole
system as a single solid body, and (2) a deformation of the shape of the
liquid through the imposition on its free surface of a layer 1, the
volume of which equals zero, into a shape with the free surface (1.7).

In this the increment in the value of W is represented in the form

(1]
AW = AW + AW (2.1)

Here A, is the increment for the displacement of the whole system as
a rigid body into the perturbed position, while 4, is the increment for
the subsequent deformation of the surface of the liquid into the surface
(1.7). Similarly

AS = AIS + AgS

With an accuracy to the second order in g; we have

1 Q) oW
A1W=-i— 2 (—araq:)oq‘qi-*—..

i, j=1

(2.2)
AW = —p{[30* @ + %)+ Us & m 0)]dv+ 55 1(ASP + 28,581+

1

where the index 0 denotes that the corresponding quantity is calculated
for the undisturbed position of the system.

For the calculation of A, W it is convenient to introduce a moving
system of coordinate axes xyz, rigidly attached to the solid body, the
z-axis of which we let coincide with the [-axis in the undisturbed
position of the system.

We denote the integrand in the expression for A,W, expressed as a
function of x, y, z, by ®(x, y, z, gq;). The equation of the free surface
(1.8) of the solidified liquid in the variables x, y, z has the form

Dz, y,2,0)= ;f(o’ @+ y¥)+U.(z,y,2)=¢, (2.3)

We assume that equation (2.3) may be solved uniquely for one of the
variables x, y, z; for the sake of definiteness let it be the variable
z. For this it is sufficient that the continuous derivative (30/32)0
does not vanish at a single point of the surface (2.3). This requirement
is nonessential and is introduced only for simplification. We denote by
Q the region of the zy plane bounded by the projection of the closed
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curve ¥ on this plane, where M is the locus of the point of intersection
of the surface (2.3) with the walls o, of the cavity. The surface (1.7)
in the moving axes takes the form

O, (2, y,2,9)=c (2.4)

where the constant ¢ = ¢, + Ac is determined from the condition of
equality of the volumes of the liquid in the cavity with the free sur-
faces (2.3) and (2.4). The latter condition is equivalent to the condi-
tion that the volume of the deforming layer 7, be equal to zero

Sdt =0
In the first approximation this equation is equivalent to the follow-
ing
%
Wazay{ dz =0
Q 20
where z; and z;, denote the corresponding values of the variable z for
points on the surfaces (2.3) and (2.4). Replacing the variable z by the
new variable [4] u = 0(x, y, z, qi) - cqs the latter equation to the
same degree of approximation takes the form

W (55), (12 — oy dzdy = 0 (2.5)
Q

where with an accuracy to the first order in g,

M=®mmem“%—2@?%PP”

=1 (2.6)
}Ll = (D (112, yv 2y, QJ Co== AC + (562 + 9'2) AS 4"

since in the first approximation the functions ®(x, y, z, 9; .) and
o,(x, y, z, q;) differ only by the tem (m2/S x® + y2)AS.

Substituting the values of Ho and p, into (2.5), we obtain a linear
equation relating Ac and A,S. A second similar equation is obtained by
a calculation in the first approximation of the quantity

Amg——9\@2%-n%dr==pgg< )(x24-y%(ux Wo) dz dy (2.7)

The equations (2.5) and (2.7), when (2.6) is taken into account, take
the form
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n—l1

Wizm),[e+ 5 @+ v A5 — h <%)Oqi] dedy =0

=1
P (8) @ + ) [Ae 5 @+ ) A8 — B(51) aJdrdy = A

and as may be seen without difficulty, they allow the unique determina-
tion of Ac and A,S as linear functions of q,. We note that if

o5 , (2.8)
(), =00 Doolde) gt = 5], et =0 1o
Q

then Ac = 0, A,S = 0 in the first approximation.

We denote the integral in the expression for A,W by J. We have

0
J=p\ @@ y 2 0)dv = 3 p\&( 55 ), (® — pe?) de dy (2.9)
In this manner we obtain (2.10)
. 1 a 2 5
AW = —p S§ (5(%)0 (W2 — pe?) dxdy + —2%0 [(AS)2 + 20,8 A,S) + - - -

According to the formula (2.1) the quantity AW is a quadratic form
in the variables gy cvor 9yt The conditions for positive-definiteness
of the latter are the conditions of minimum ¥ for a solid body with a
liquid-filled cavity in a force field with a potential V.

3. Example. Stability of rotation of a heavy solid body having a
cavity containing a heavy liquid [2]. We consider a heavy solid body
with a single fixed point and having a partially liquid-filled cavity in
a uniform force field. The [-axis of the fixed coordinate system Ofn(
with origin at the fixed point O of the boedy is directed vertically up-
wards, while the moving axes x, y, z coincide with the principal axes of
inertia of the body at the point O.

We denote the cosines of the angles formed by the % axis w1th the
moving axes x, y, z by y;, v,, y;, where obviously y,” + Yz + Y3 = 1.

Let the unperturbed motion be a uniform rotation of the whole system
as a single rigid body with angular velocity o about the z-axis, co-
incident with the [-axis, and in this rotation let the z-axis be a
principal central axis of inertia of the system. The equation of the
free surface of the liquid (2.3) takes the form

D (2, ¥, 2,0) = 5 0 (@ +§*) — gz = (3.1)
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where g is the gravitational acceleration. In the unperturbed motion

Yy = Y2 =0, y; = 1. In the perturbed position of the system its poten-
tial energy and mowment of inertial relative to the {-axis are, respec-
tively

V=Mg(Xr1, -7, 4+ Z73) (3.2)
S = Ay, 4- Br,® + Cv5® — 2Dys7, — 2E737, — 2F117-
Here M is the mass, X, Y, 7 are the coordinates of the center of

gravity, and A, B, C, D, E, F are the moments of inertia and products of
inertia of the system.

The function ®(x, y, z, q,) in the present case has the form

1 n N \ o
D(z,y, 2 7) = 50 2% 4 * —2° —¥'1" - 22 (1° + 12°) — 2y —

=201 ) VT =12 =1l — g en 2V I—1n—1nh)  (3.3)
Ve assume that the region Q is a ring bounded by circles of radii R,

and R,(R, > R,). For this, as may be easily seen, the equalities (2.8)
hold and Ac = 0, 4,5 = 0. Then

R,

1 , 2w 2
J=gmtrde  a=mpg | [ (Grr—c)4t] rodr
1,

In this way, according to formula (2.1) we find

AW = %{[(CO_ Ag) 0 —MgZy—a)1,® +
+ [(Co— By) 0* — MgZy —a] 1%} +-- - - (3.4)

The condition of minimum ¥ in this case reduces to the single inequal-
ity
(Co—‘ 440) m2_11[g20_ (l>0 (3.5)
if it is assumed, without loss of generality, that‘4°;>Bo.

If the liquid were weightless, then its free surface would be the
surface of the circular cylinder

re = g¢ 4+ yz = b2 (36)

In place of (3.3) in this case we have
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®(r,9 2,7, —; 0? [r2 — r?(cos® 67,2 -+ sin? 6y,2) + 3.7
+22(12® + 72%) — 2r¥sin B cos By, 7, — 272 (cos Oy, + sin fy,) Vi— 1% —12%)

and

( o0

i ) = 0%, po= — 0z (cosby, + sinb7,) (3.8)

We assume that the cylinder (3.6) intersects the surface g, of the
cavity in circles with centers on the z-axis at the points with coordi-
nates z = h + d and z = h - d. The condition of conservation of volume
of the liquid in the first approximation takes the form

2% h--d

Sd1=§=d0 h§+ddz§( 75 ), b = gde { (Ac—i—%zb’AgS-,L
) Y

.

h—d Po h—d

+ 02 bz (cos by, + sinby) | dz = ind (Ac + 2 b8,8) = 0

Furthermore, in the first approximation we find

A,S =- p§r2dr = %—zdbz (Ac + b"’A b}

*1

From the two last equations it follows that in the first approxima-
tion

AS =0, Ac=0

Finally, we find
2 b2 g ST 2
J = 0?nb? pd ——— ('r1 -+ 79?)

The condition of minimum ¥ in this case reduces to the single inequal-
ity [2].

(Co— Ao — 2mpbd ™= L) @2 — MgZo >0 for 403> By (3.9)

4. Example. The stability of steady rotation of a whirling vater duct.
(All of the notation of the example is introduced independently of the
foregoing). We imagine a heavy rigid body able to rotate about the
vertical axis Oz, with a cavity having the shape of a right circular
cylinder with radius R and height H. Let the cavity be partially filled
with a heavy incompressible liquid of density p with volume V = enR2H.

At a certain point A of the solid body let there be applied a restoring
force F proportional to the distance of the point A from the :-axis and
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intersecting the z-axis at a right angle at the point P. We also assume
that ideal comnstraints are applied which keep the base of the cylinder
(cavity) horizontal and maintain constant the distance OA = 1. Let B be
the center of gravity of the solid body with its cavity completely
filled with liquid, = the mass of this system, and d2 the central radius
of gyration about an axis parallel to the z-axis. Projecting A and B on
the plane containing the fixed axes x and y, we obtain the points a and
b. Let y be the angle between the x-axis and the direction ba, ¢ the
angle between ba and Ob, and let Ob = r’. Then, since the distance ba is
constant and equal to e, we obtain

(Oap=r?--e-L 2r'ecos@, (OP)2= 12— (OQa)® =¥ —r?—2r'ecos p— ¢

The varied potential energy of the system may be put into the form

£ pm (Oa)? ,
W = YRR p— +mg (OP) + 5 — pg& zdv (Jp = p& r ’dr)
D
(r =2t 4y

where um characterizes the elastic force F, while D is the region free
of liquid.

For steady rotation with angular velocity o about the :z-axis the re-
gion D is bounded by the paraboloid

w2
z2—Brt= —aqy, =7 CRY

2

where @° satisfies the equation

k2
T (m(d® 4 o) — J'p)2

w2
= (4.2)
We give the system a possible displacement &r = §, 8¢ = n, for which

the paraboloid (4.1) is displaced as a rigid body along the z-axis by an
amount 85(OP). Its equation acquires the form

2 —3r2=—o -6 (OP) (4.3)
and it bounds the region D'.
In this displacement the quantity Jp(D) = J_(D') does not change,
while the gravity forces do work mlgS(OP), where »; 1s the actual mass

of the system. Equating to zero the first variation of the potential
energy S¥ for this displacement, we obtain

W = migd (OP) — 0¥mry?t 4 pn (Oa) == 0
or
ro’-}- € cos Qg
VI —rd®* et _32rgecos qq

pro'+ We cos g — vg — 0?rg'=10
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o vg
roesing [_p’+Vlz+’o'3—€2—2"o'6005%:|:0 VT

The second equation allows the two solutions ¢, = 0, @, = W. For the
first solution the point b is closer than the point a to the :-axis by
the amount e, while for the second it is farther away by e. The solutions
for ro', obtained by setting the term in the brackets equal to zero, are
equal to ! and hence we discard them. The solution of the first equation,
whigh goes to zero with ¢, we take in the form of a series ro =aet
age + ..

{ ml)

Assuming that ¢, = 0, w, we have

Vro’ :t e
VE rgf — et I 2rge

pro'+4 pe — vg — iy =0

Restricting ourselves to the first term, we obtain

, vg/l—p
rd= % w—wvg/l—aet

€ = a,e

The solution Py = 0 proves to be possible, if vg/l < p < w? + vg/l,
while , = w is possible if n < vg/l, or if u > w0l + vgl. We calculate
now the second variation of the function ¥ for the displacement of the
system mentioned above

FWVW+WWHWﬂ—%WFWH
MW = @ reh— I, -
_ l’mlg Ez .
(1* — ro'* — €2 — 2rd’e cOs Qo) /2 {4.4)
—ro'ecos Qo | mp — =i "
¢ ° VB —ry?—e2—2rgecosqy

The coefficient for n2 1s positive only for ¢, = w. We calculate now
the variation in the function W for the transformation of the paraboloid
(4.3) into the paraboloid

k2
—y PP=—ay ) (OP) — Ay (3'5 = [ (& + (ro—+ )z) _ Jp(Du)]'z) (‘/‘5)

Here D' is the region bounded by the paraboloid (4.5).

In the calculation mentioned above we deviate from the scheme de-
veloped in the article for convenience, since the comparison will be
made not with the "frozen" surface :z — Brz = - a;, but with the surface
displaced downwards by 5(OP). This, however, is of no real importance
since the variation of the function ¥ in the passage to the surface (4.3)
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was taken into account in formula (4.4), while all of the rest of the
reasoning is unchanged when the surface of comparison is changed.

From the condition of conservation of volume we have

a;:Rzﬁ(i——a)—-—%l-, Aoy = B2 {1 —e) AB (4.8)

By definition

prRr (1 —e)2 1l prli3
Tp= § ridv = 3 o %))
i
_ _ prH? _ 2k2 ,
A= —A = — S 8, M= — G @ =T [t —AT ] 68

Calculating the variation Azw, we find

k<

1 az’
AW = — -5 SS vidz'dy’ 5%5- —IF (A‘fp)z
v=rpglrt— R*{1 —¢)] AB, z == rcosy, y=rsiny

where z'y'z’ are moving axes. From (4.7) and (4.8) we obtain

1 prH3 48mry’ .
o [m(d2+ro'2)—~1pl} M= = @y, ¢

Integrating and using (4.8), we obtain

2p002H3m?2r'2 .
e 0" gD m (@D —T ] + pnkl] [m (@ rg% — T ] &

AW = —

Finally, a sufficient condition for stability of the regime
Po=n for pm >me? 4+ myg /!

takes the form

mlrg® (4 30%) 4 (md® — J,) (b — ) Pmyg
m(d® - ry'?) — I T (@ —rt—et - 2rye)yr T
2pw?H3m?ry?

T B [ (@ 10 — T ] T ekl [m (@& 1 757 — T ] >0

This problem was considered in {6] under the assumption @ = const.
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